




















SURFACE AREAS AND VOLUMES 249

How are they made? If you want a candle of any special shape, you will have to

heat the wax in a metal container till it becomes completely liquid.  Then you will have to

pour it into another container which has the special shape that you want.  For example,

take a candle in the shape of a solid cylinder, melt it and pour whole of the molten wax

into another container shaped like a rabbit. On cooling, you will obtain a candle in the

shape of the rabbit. The volume of the new candle will be the same as the volume of

the earlier candle.  This is what we

have to remember when we come

across objects which are converted

from one shape to another, or when

a liquid which originally filled one

container of a particular shape is

poured into another container of a

different shape or size, as you see in

Fig 13.18.

To understand what has been discussed, let us consider some examples.

Example 8: A cone of height 24 cm and radius of base 6 cm is made up of modelling

clay.  A child reshapes it in the form of a sphere.  Find the radius of the sphere.

Solution : Volume of cone = 
31

6 6 24 cm
3

× π × × ×

If r is the radius of the sphere, then its volume is 
34

3
rπ .

Since, the volume of clay in the form of the cone and the sphere remains the same, we

have

34

3
r× π ×

 =
1

6 6 24
3

× π × × ×

i.e., r3 = 3 × 3 × 24 = 33 × 23

So, r = 3 × 2 = 6

Therefore, the radius of the sphere is 6 cm.

Example 9 : Selvi’s house has an overhead tank in the shape of a cylinder.  This

is filled by pumping water from a sump  (an underground tank) which is in the

shape of a cuboid.  The sump has dimensions 1.57 m × 1.44 m × 95cm.  The

overhead tank has its radius 60 cm and height 95 cm.  Find the height of the water

left in the sump after the overhead tank has been completely filled with water

from the sump which had been full.  Compare the capacity of the tank with that of

the sump.  (Use π = 3.14)

Fig. 13.18
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250 MATHEMATICS

Solution : The volume of water in the overhead tank equals the volume of the water

removed from the sump.

Now, the volume of water in the overhead tank (cylinder) = πr2h

= 3.14 × 0.6 × 0.6 × 0.95 m3

The volume of water in the sump when full = l × b × h = 1.57 × 1.44 × 0.95 m3

The volume of water left in the sump after filling the tank

= [(1.57 × 1.44 × 0.95) – (3.14 × 0.6 × 0.6 × 0.95)] m3  = (1.57 × 0.6 × 0.6 × 0.95 × 2) m3

So, the height of the water left in the sump = 
volume of water left in the sump

l b×

=
1.57 0.6 0.6 0.95 2

m
1.57 1.44

× × × ×

×

= 0.475 m = 47.5 cm

Also,
Capacity of tank

Capacity of sump
 =

3.14 × 0.6 0.6 0.95 1

1.57 × 1.44 × 0.95 2

× ×
=

Therefore, the capacity of the tank is half the capacity of the sump.

Example 10 : A copper rod of diameter 1 cm and length 8 cm is drawn into a wire of

length 18 m of uniform thickness.  Find the thickness of the wire.

Solution : The volume of the rod = 

2

3 31
8 cm 2 cm

2

 
π × × = π 

 
.

The length of the new wire of the same volume = 18 m = 1800 cm

If r is the radius (in cm) of cross-section of the wire, its volume = π × r2 × 1800 cm3

Therefore, π × r2 × 1800 = 2π

i.e., r2 =
1

900

i.e., r =
1

30

So, the diameter of the cross section, i.e., the thickness of the wire is 
1

15
 cm,

i.e., 0.67mm (approx.).

Example 11 : A hemispherical tank full of water is emptied by a pipe at the rate of
4

3
7

litres per second.  How much time will it take to empty half the tank, if it is 3m in

diameter? (Take π =
22

7
)
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Solution : Radius of the hemispherical tank = 
3

2
 m

Volume of the tank =

3

32 22 3
m

3 7 2

 
× ×  

 
 = 

399
m

14

So,  the volume of the water to be emptied  =
31 99

m
2 14

×
 = 

99
1000

28
×

 litres

 =
99000

28
 litres

Since, 
25

7
 litres of water is emptied in 1 second, 

99000

28
 litres of water will be emptied

in 
99000 7

28 25
×  seconds, i.e., in 16.5 minutes.

EXERCISE 13.3

Take π = 

22

7
, unless stated otherwise.

1. A metallic sphere of radius 4.2 cm is melted and recast into the shape of a cylinder of

radius 6 cm.  Find the height of the cylinder.

2. Metallic spheres of radii 6 cm, 8 cm and 10 cm, respectively, are melted to form a single

solid sphere.  Find the radius of the resulting sphere.

3. A 20 m deep well with diameter 7 m is dug and the earth from digging is evenly spread out

to form a platform 22 m by 14 m.  Find the height of the platform.

4. A well of diameter 3 m is dug 14 m deep.  The earth taken out of it has been spread evenly

all around it in the shape of a circular ring of width 4 m to form an embankment.  Find the

height of the embankment.

5. A container shaped like a right circular cylinder having diameter 12 cm and height 15 cm

is full of  ice cream.  The ice cream is to be filled into cones of height 12 cm and diameter

6 cm, having a hemispherical shape on the top.  Find the number of such cones which can

be filled with ice cream.

6. How many silver coins, 1.75 cm in diameter and of thickness 2 mm, must be melted to form

a cuboid of dimensions 5.5 cm × 10 cm × 3.5 cm?
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252 MATHEMATICS

*‘Frustum’ is a latin word meaning ‘piece cut off’, and its plural is ‘frusta’.

7. A cylindrical bucket, 32 cm high and with radius of base 18 cm, is filled with sand.  This

bucket is emptied on the ground and a conical heap of sand is formed.  If the height of the

conical heap is 24 cm, find the radius and slant height of the heap.

8. Water in a canal, 6 m wide and 1.5 m deep, is flowing with a speed of 10 km/h.  How much

area will it irrigate in 30 minutes, if 8 cm of standing water is needed?

9. A farmer connects a pipe of internal diameter 20 cm from a canal into a cylindrical tank in

her field, which is 10 m in diameter and 2 m deep.  If water flows through the pipe at the

rate of 3 km/h, in how much time will the tank be filled?

13.5 Frustum of a Cone

In Section 13.2, we observed objects that are formed when two basic solids were

joined together. Let us now do something different.  We will take a right circular cone

and remove a portion of it.  There are so many ways

in which we can do this.  But one particular case that

we are interested in is the removal of a smaller right

circular cone by cutting the given cone by a plane

parallel to its base. You must have observed that the

glasses (tumblers), in general, used for drinking water,

are of this shape. (See Fig. 13.19)

Activity 1 : Take some clay, or any other such material (like plasticine, etc.) and form

a cone. Cut it with a knife parallel to its base. Remove the smaller cone. What are you

left with?You are left with a solid called a frustum of the cone. You can see that this

has two circular ends with different radii.

So, given a cone, when we slice (or cut) through it with a plane parallel to its base

(see Fig. 13.20) and remove the cone that is formed on one side of that plane, the part

that is now left over on the other side of the plane is called a frustum* of the cone.

Fig. 13.20

Fig. 13.19
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How can we find the surface area and volume of a frustum of a cone? Let

us explain it through an example.

Example 12 : The radii of the ends of a frustum

of a cone 45 cm high are 28 cm and 7 cm

(see Fig. 13.21). Find its volume, the curved

surface area and the total suface area

(Take π = 
22

7
).

Solution : The frustum can be viewed as a dif-

ference of two right circular cones OAB and

OCD (see Fig. 13.21). Let the height (in cm)

of the cone OAB be h
1
 and its slant height l

1
,

i.e., OP = h
1
 and OA = OB = l

1
. Let h

2
 be the

height of cone OCD and l
2
 its slant height.

We have : r
1
 = 28 cm, r

2
 = 7 cm

and the height of frustum (h) = 45 cm. Also,

h
1
 = 45 + h

2
(1)

We first need to determine the respective heights h
1
 and h

2
 of the cone OAB

and OCD.

Since the triangles OPB and OQD are similar (Why?), we have

1

2

28

7

h

h
=  =

4

1
(2)

From (1) and (2), we get h
2
 = 15 and h

1
 = 60.

Now, the volume of the frustum

= volume of the cone OAB – volume of the cone OCD

=
2 2 3 31 22 1 22

(28) (60) (7) (15) cm 48510 cm
3 7 3 7

 
⋅ ⋅ ⋅ − ⋅ ⋅ ⋅ =  

The respective slant height l
2
 and l

1
 of the cones OCD and OAB are given

by

l
2
 = 2 2

(7) (15) 16.55 cm (approx.)+ =

l
1
 = 2 2 2 2

(28) (60) 4 (7) (15) 4 16.55 66.20 cm+ = + = × =

Fig. 13.21
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Thus, the curved surface area of the frustum = πr
1
l
1
 – πr

2
l

2

=
22 22

(28)(66.20) – (7)(16.55)
7 7

 = 5461.5 cm2

Now, the total surface area of the frustum

= the curved surface area + 2 2
1 2r rπ + π

= 5461.5 cm2 + 
2 2 2 222 22

(28) cm (7) cm
7 7

+

= 5461.5 cm2 + 2464 cm2 + 154 cm2 = 8079.5 cm2.

Let h be the height, l the slant height and r
1
 and r

2
 the radii of the ends

(r
1
 > r

2
) of the frustum of a cone. Then we can directly find the volume, the

curved surace area and the total surface area of frustum by using the formulae

given below :

(i) Volume of the frustum of the cone = 
2 2

1 2 1 2

1
( )

3
h r r rrπ + + .

(ii) the curved surface area of the frustum of the cone = π(r
1 

+ r
2
)l

where l = 2 2

1 2
( )h r r+ − .

(iii) Total surface area of the frustum of the cone = πl (r
1 
+ r

2
) + πr

1
2 + πr

2
2,

where l = 2 2

1 2( )h r r+ − .

These formulae can be derived using the idea of similarity of triangles but we

shall not be doing derivations here.

Let us solve Example 12, using these formulae :

(i) Volume of the frustum = ( )2 2
1 2 1 2

1

3
h r r r rπ + +

=
2 21 22

45 (28) (7) (28)(7)
3 7

 ⋅ ⋅ ⋅ + +   cm3

= 48510 cm3

(ii) We have l = ( )
22 2 2

1 2 (45) (28 7)h r r+ − = + −  cm

= 2 23 (15) (7)+  = 49.65 cm
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So, the curved surface area of the frustum

= π(r
1
 + r

2
) l =

22
(28 7) (49.65)

7
+  = 5461.5 cm2

(iii) Total surface area of the frustum

= ( ) 2 2
1 2 1 2r r l r rπ + + π + π

=
2 222 22

5461.5 (28) (7)
7 7

 
+ +  

 cm2 = 8079.5 cm2

Let us apply these formulae in some examples.

Example 13 : Hanumappa and his wife Gangamma are

busy making jaggery out of sugarcane juice.  They have

processed the sugarcane juice to make the molasses,

which is poured into moulds in the shape of a frustum of

a cone having the diameters of its two circular faces as

30 cm and 35 cm and the vertical height of  the mould is

14 cm (see Fig. 13.22).  If each cm3 of molasses has

mass about 1.2 g, find the mass of the molasses that can

be poured into each mould.  
22

Take 
7

 
π = 

 

Solution : Since the mould is in the shape of a frustum of a cone, the quantity (volume)

of molasses that can be poured into it = ( )2 2

1 2 1 2
3

h r r r r
π

+ + ,

where r
1
 is the radius of the larger base and r

2
 is the radius of the smaller base.

= 

2 2

31 22 35 30 35 30
14 cm

3 7 2 2 2 2

      
× × + + ×      

       
 = 11641.7 cm3.

It is given that 1 cm3 of molasses has mass 1.2g. So, the mass of the molasses that can

be poured into each mould = (11641.7 × 1.2) g

= 13970.04 g = 13.97 kg = 14 kg (approx.)

Fig. 13.22
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Example 14 : An open metal bucket is in the

shape of a frustum of a cone, mounted on a

hollow cylindrical base made of the same me-

tallic sheet (see Fig. 13.23). The diameters of

the two circular ends of the bucket are 45 cm

and 25 cm, the total vertical height of the bucket

is 40 cm and that of the cylindrical base is

6 cm. Find the area of the metallic sheet used

to make the bucket, where we do not take into

account the handle of the bucket. Also, find

the volume of water the bucket can hold.

22
Take 

7

  
π =  

  
.

Solution : The total height of the bucket = 40 cm, which includes the height of the

base. So, the height of the frustum of the cone = (40 – 6) cm = 34 cm.

Therefore, the slant height of the frustum, l = 2 2

1 2
( )h r r+ − ,

where r
1
 = 22.5 cm, r

2
 = 12.5 cm and h = 34 cm.

So, l = 2 234 (22.5 12.5)+ − cm

= 2 2
34 10 35.44 cm+ =

The area of metallic sheet used = curved surface area of frustum of cone

                                                  + area of circular base

                                                  + curved surface area of cylinder

= [π × 35.44 (22.5 + 12.5) + π × (12.5)2

+ 2π × 12.5 × 6] cm2

=
222

(1240.4 156.25 150) cm
7

+ +

= 4860.9 cm2

Fig. 13.23
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Now, the volume of water that the bucket can hold (also, known as the capacity

of the bucket)

=
2 2

1 2 1 2( )
3

h
r r r r

π ×
× + +

=
2 222 34

[(22.5) (12.5) 22.5 12.5]
7 3

× × + + ×  cm3

=
22 34

943.75
7 3

× ×  = 33615.48 cm3

= 33.62 litres (approx.)

EXERCISE 13.4

Use π = 

22

7
 unless stated otherwise.

1. A drinking glass is in the shape of a frustum of a

cone of height 14 cm. The diameters of its two

circular ends are 4 cm and 2 cm. Find the capacity of

the glass.

2. The slant height of a frustum of a cone is 4 cm and

the perimeters (circumference) of its circular ends

are 18 cm and 6 cm. Find the curved surface area of

the frustum.

3. A fez, the cap used by the Turks, is shaped like the

frustum of a cone (see Fig. 13.24). If its radius on the

open side is 10 cm, radius at the upper base is 4 cm

and its slant height is 15 cm, find the area of material

used for making it.

4. A container, opened from the top and made up of a metal sheet, is in the form of a

frustum of a cone of height 16 cm with radii of its lower and upper ends as 8 cm and 20

cm, respectively. Find the cost of the milk which can completely fill the container, at the

rate of ` 20 per litre. Also find the cost of metal sheet used to make the container, if it

costs ` 8 per 100 cm2. (Take π = 3.14)

5. A metallic right circular cone 20 cm high and whose vertical angle is 60° is cut into two

parts at the middle of its height by a plane parallel to its base. If the frustum so obtained

be drawn into a wire of diameter 
1

cm,
16

 find the length of the wire.

Fig. 13.24
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EXERCISE 13.5 (Optional)*

1. A copper wire, 3 mm in diameter, is wound about a cylinder whose length is 12 cm, and

diameter 10 cm, so as to cover the curved surface of the cylinder. Find the length and

mass of the wire, assuming the density of copper to be 8.88 g per cm3.

2. A right triangle, whose sides are 3 cm and 4 cm (other than hypotenuse) is made to

revolve about its hypotenuse.  Find the volume and surface area of the double cone so

formed.  (Choose value of π as found appropriate.)

3. A cistern, internally measuring 150 cm × 120 cm × 110 cm, has 129600 cm3 of water in it.

Porous bricks are placed in the water until the cistern is full to the brim. Each brick

absorbs one-seventeenth of its own volume of water. How many bricks can be put in

without overflowing the water, each brick being 22.5 cm × 7.5 cm × 6.5 cm?

4. In one fortnight of a given month, there was a rainfall of 10 cm in a river valley. If the area

of the valley is 7280 km2, show that the total rainfall was approximately equivalent to

the addition to the normal water of three rivers each 1072 km long, 75 m wide and 3 m

deep.

5. An oil funnel made of tin sheet consists of a

10 cm long cylindrical portion attached to a

frustum of a cone. If the total height is 22 cm,

diameter of the cylindrical portion is 8 cm and

the diameter of the top  of the funnel is 18 cm,

find the area of the tin sheet required to make

the funnel (see Fig. 13.25).

6. Derive the formula for the curved surface area and total surface area of the frustum of a

cone, given to you in Section 13.5, using the symbols as explained.

7. Derive the formula for the volume of the frustum of a cone, given to you in Section 13.5,

using the symbols as explained.

13.6 Summary

In this chapter, you have studied the following points:

1. To determine the surface area of an object formed by combining any two of the basic

solids, namely, cuboid, cone, cylinder, sphere and hemisphere.

2. To find the volume of objects formed by combining any two of a cuboid, cone, cylinder,

sphere and hemisphere.

Fig. 13.25

* These exercises are not from the examination point of view.
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3. Given a right circular cone, which is sliced through by a plane parallel to its base, when

the smaller conical portion is removed, the resulting solid is called a Frustum of a Right

Circular Cone.

4. The formulae involving the frustum of a cone are:

(i) Volume of a frustum of a cone = ( )2 2
1 2 1 2

1

3
h r r r rπ + + .

(ii) Curved surface area of a frustum of a cone = πl(r
1
 + r

2
) where l = ( )

22
1 2h r r+ − .

(iii) Total surface area of frustum of a cone = πl(r
1
 + r

2
) + π(r

1

2 + r2

2
) where

h  = vertical height of the frustum, l = slant height of the frustum

r
1
 and r

2
 are radii of the two bases (ends) of the frustum.
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